Steady flow regimes in a free surface flow approaching an obstacle are described and extensively discussed. Attention is focused on the phenomenon of hydraulic hysteresis, and a simple one-dimensional theory to predict its occurrence in a supercritical channel flow is proposed. It is shown that in many cases knowledge of the Froude number of the undisturbed approaching flow and of a geometric characteristic of the obstacle allows for a reliable prediction of the flow state. In the region of multiple regimes, however, the previous history of the flow must also be known.
Introduction
The occurrence of steady rapidly varied flow in the vicinity of short obstacles is not unusual in open channels. Prediction of flow characteristics as a function of undisturbed approaching flow conditions and obstacle geometry is a primary objective, mainly related to design purposes. In fact, this information must usually be known in order to establish whether or not a constriction is severe enough to influence the upstream flow and to accurately estimate any possible increase in flow depth upstream of the obstacle. Different kinds of obstacles exist. Any sudden and local change in flow boundaries that obstructs regular flow can be considered an obstacle. Obstruction can be due to variations in bed topography (e.g. sills and sharp-or broad-crested weirs), changes in channel width (e.g. bridge piers and contractions), or restrictions in flow depth due to the presence of underflow gates. Obstacles that combine two or more of these obstructions may also exist.
Interaction between the flow and the obstacle produces effects that are independent from both the type of obstacle and the undisturbed flow regime, at least from a qualitative point of view. In fact, for both supercritical and subcritical undisturbed approaching flow conditions two general classes of rapidly varied flow can be identified. In the first one, referred to as "weak interaction" (WI), the flow continues undisturbed when passing the obstacle, i.e. the flow regime does not change at the obstacle even though flow depth varies locally. Moreover, in this case the specific energy of the flow anywhere along the channel is greater than the minimum specific energy required to pass the obstruction. In the second class, referred to as "strong interaction" (SI), not only do flow depth variations occur in the channel but transition does as well, i.e. flow regime changes from supercritical to subcritical and/or vice versa. In this case, the specific energy just upstream of the obstacle is equal to the minimum specific energy required to pass the obstacle.
On the contrary, the actual flow configuration in the vicinity of the obstacle depends on the undisturbed flow regime, i.e. whether the undisturbed flow approaching the obstacle is supercritical or subcritical. In particular, if a supercritical undisturbed flow approaches the obstacle, the following two different configurations may be established. In a WI class rapidly varied flow, supercritical conditions persist both upstream and downstream of the obstruction and at the obstruction as well. On the contrary, SI causes the upstream flow to undergo a transition from supercritical to subcritical regime and undisturbed conditions are only restored downstream of the obstacle.
The occurrence of both these different steady-state configurations can be predicted as a function of fundamental flow and obstacle parameters, at least within a simple one-dimensional theoretical approach. Nevertheless, a unified theory of rapidly varied flow has not been developed yet. This may be the reason why even specialists only marginally know a somewhat surprising feature that may arise when an undisturbed supercritical flow approaches an obstacle. The theoretical boundaries of steady flow regimes in the vicinity of an obstruction clearly show that a region in the space of fundamental parameters exists where both the above flow states, i.e. WI and SI, may occur for the same external steady conditions. The state that is actually established depends on the history of the flow, i.e. on the way in which flow conditions have evolved up to the current ones, thus implying the hysteretic character of the flow.
The occurrence of hysteresis in a supercritical flow approaching a sill has been recognized and widely investigated both experimentally and theoretically over the past few decades [1] [2] [3] [4] [5] [6] [7] [8] . On the contrary, much less effort has been devoted to the study of hydraulic hysteresis for other types of obstacles, such as channel constriction. Nevertheless, some experimental studies reported in the literature qualitatively have confirmed the hysteretic behavior of a supercritical flow through channel constriction [9, 10] . More recently, the existence of hysteresis in flow under a sluice gate has been demonstrated both theoretically and experimentally [11] .
Here, our primary objectives are to examine hydraulic hysteresis in general terms, i.e. independently of the type of obstacle, and review significant results concerning specific obstructions. A theoretical approach is presented which uses simple relationships expressing energy balance and momentum conservation to infer a criterion able to predict the conditions in which hysteresis occurs in a supercritical flow. This general criterion is then applied to some specific obstacles, namely a sill, a vertical sluice gate, and a circular pier. The theoretical predictions are compared with available experimental data. Finally, some conclusions concerning the main features of the investigated phenomenon are reported, and situations where the proposed theoretical approach fails are highlighted.
One-dimensional approach
A simple criterion to identify hysteresis occurrence in a rapidly varied flow has been recently proposed by Defina and Susin [11] . Here, we shortly recall the fundamental aspects of this theoretical approach and show that the existence of hysteresis emerges when sufficient and necessary conditions for WI and SI interaction occurrence are both considered.
We consider a one-dimensional supercritical undisturbed channel flow of velocity v 0 and depth y 0 approaching a generic obstacle. The frictional effects of the boundaries are considered and the pressure is assumed to be hydrostatic except in the proximity of the obstacle. A non-horizontal channel is considered. The bottom slope is assumed to be small enough that cos(ϑ) 1, sin(ϑ) tan(ϑ), ϑ being the angle of the channel bed to the horizontal.
To describe the phenomenon of hysteresis, it is convenient to use the concept of specific energy E, i.e. mechanical energy per unit weight of flow relative to the bottom of the channel. Thus, for the undisturbed approaching flow
where g is gravity. Moreover, the minimum specific energy required to pass the obstacle is denoted with E min . It is well known that if E 0 is lower than E min , then the approaching flow does not have enough energy to pass the obstacle and, as a consequence, it necessarily undergoes a transition from supercritical to subcritical regime. A stationary hydraulic jump occurs far from the obstacle and a subcritical backwater profile is established after the jump. The backwater profile, along which E increases, allows for the minimum specific energy to be achieved at the section just before the obstacle. In this situation, a "strong interaction" between the flow and the obstacle occurs. Hence, the sufficient condition for SI (i.e. supercritical-subcritical transition in the upstream reach of the channel, fig. 1b ) to occur is Figure 1 : Supercritical channel flow approaching an obstacle. E 0 denotes the specific energy of the undisturbed supercritical flow. E min denotes the minimum specific energy required to pass the obstacle. Case a represents "weak interaction" conditions. Cases b and c represent "strong interaction" conditions with E 0 < E min and E 0 > E min , respectively.
The necessary condition for SI to occur can be inferred by the use of the total energy conservation equation between the flow just upstream of the obstacle and the flow at the obstacle [11] . As long as a hydraulic jump is established in the upstream reach of the channel ( fig. 1b and c) , we have
where H J denotes the energy loss at the hydraulic jump.
It is now worth noting that conditions complementary to eqns. (2) and (3) give the necessary and sufficient conditions for WI to occur, respectively (Figure 1a) . In fact, if supercritical conditions are maintained at the obstacle, then the specific energy of the undisturbed approaching flow must be greater than E min , i.e.
Moreover, if the following condition holds
then the specific energy of the flow just upstream of the obstacle is certainly greater than the minimum specific energy required to pass the obstacle, i.e. the flow is supercritical everywhere. On the basis of the above considerations, we can now state that if the specific energy of the undisturbed supercritical approaching flow, E 0 , satisfies the conditions expressed by eqns. (3) and (4), then both WI and SI flow regimes can exist. Moreover, for a given undisturbed flow condition and given geometric characteristics of the obstacle, E min may depend on the flow regime being established just upstream of the obstacle. Hence, if the minimum specific energy for the supercritical (WI) and subcritical (SI) regimes just upstream of the obstacle are denoted with E l and E L , respectively, both steady flow configurations, i.e. with or without upstream transition, are possible and stable as long as the following constraint is met
In this situation, the "history" of the flow plays a crucial role, as it determines the state that is actually established in the vicinity of the obstruction [5, 8] . For this reason, the behavior of the flow is said to be "hysteretic".
In the following sections, three different types of obstacles are examined. Condition eqn. (6) is specified for each obstacle, and the amplitude of the hysteresis domain is expressed in terms of the fundamental flow parameters and geometrical characteristics of the obstruction.
Flow over a sill
We will now develop condition eqn. (6) for the case of flow over a sill in a rectangular channel in terms of the Froude number of the undisturbed approaching flow, F 0 , and the non-dimensional step height z/y c , where y c is the critical depth for a given flow rate and channel width. In this case ( fig. 2) , the threshold values for specific energy are where z is the height of the sill, E c is the critical specific energy, and H l and H L are the energy losses just before the section at which the critical condition for WI and SI regimes, respectively, is attained.
Combining eqns. (6) and (7), and recalling that
the following expression can be easily found for the lower and upper boundaries of the hysteresis region
The above result has already been proposed in previous studies [3] [4] [5] [6] which neglected energy losses H l and H L . In eqns. (9) and (10), the nondimensional energy losses H l /y c and H L /y c both depend on F 0 and the geometry of the step. Although these losses can be correctly evaluated only through experiments, a rough estimation based on mass and momentum conservation equations is possible, and given here below. Let us first consider the case of the WI regime. Using the notation adopted in fig. 3a and the concept of momentum function M (i.e. the sum of pressure force and momentum flux, per unit width and unit weight of fluid, at a given section of the flow [12] ), the equilibrium condition in the horizontal direction is
where M u and M d denote the upstream and downstream values of M , respectively, and m S is the force, in the flow direction, exerted by the upward face of the step (per unit width and unit weight of fluid). Assuming that at the section immediately upstream of the step the flow depth is y c + z l and the pressure is hydrostatic [3] , then m s is given as
Noting that when the WI → SI limit condition occurs
eqn. (11) can be rearranged to read
Finally, combining eqns. (9) and (14) gives
The above procedure is also used to compute energy loss for the SI regime ( fig.  3b ). In this case, the horizontal force exerted by the upward face of the step, m S is
where the water depth just upstream of the obstacle, y U , is the conjugate of the undisturbed flow depth, i.e. The equilibrium condition expressed by eqn. (11) gives
and combining eqns. (18) and (10) then gives
The plot of eqns. (9) and (10) is shown in fig. 4 . Solid lines are used when energy losses are neglected, dashed lines when energy losses are expressed by eqns. (15) and (19). In both cases, three different regions can be distinguished in the plane ( z/y c , F 0 ). The first region, extending above the curve z L /y c , corresponds to WI conditions with a supercritical flow extending along the whole channel. In the second region, below the curve z l /y c , the flow necessarily undergoes a supercritical to subcritical transition upstream of the step (i.e. SI). Finally, the hysteresis region, in which both stable states are possible, lies between these two curves. It is worth noting that when energy losses are neglected, the hysteresis region is considerably wide (fig. 4 ). On the contrary, when energy losses are considered, the WI→SI limit condition moves towards the SI→WI limit condition and the hysteresis region is much smaller. Surprisingly, most fluid mechanics textbooks propose eqn. (9) with H l = 0 as the limit condition for WI↔SI.
Before we go any further, it is important to emphasize that the assumptions introduced in order to obtain eqns. (15) and (19) allow for a reliable prediction of the qualitative behavior of the hysteresis boundaries, but do not always apply for a quantitative analysis. In particular, m S is reasonably approximated as previously reported only when the flow just upstream of the obstacle is subcritical (i.e. for the SI configuration). Indeed, in this case losses are rather small and do not significantly affect the inviscid solution. On the contrary, when the flow just upstream of the obstacle is supercritical, energy losses strongly depend on the shape of the step and on the ratio y 0 /S, where S is the length of the upstream face of the step ( fig. 5 ). Equation ( It is also worth highlighting that the present theory assumes hydrostatic pressure distribution. On the contrary, at both SI→WI and WI→SI limit conditions free surface slope and curvature across the step are not negligibly small. However, their effects can be accounted for by introducing a suitable equivalent energy loss or gain as suggested by Marchi [13] , to be included in the terms H l and H L .
By analyzing the experimental data available in the literature and comparing them with the present theoretical results we can provide an adequate explanation of the above statements. Figure 6 compares our theoretical results with the experimental data of Muskatirovic and Batinic [3] . It can be observed that when the step is not severe, i.e. S = 2 z ( fig. 6a ), experimental points collapse onto the theoretical curves which include energy losses, thus confirming the reliability of the assumptions made to compute H l and H L . When S = 0 ( fig. 6b ), Muskatirovic and Batinic [3] do not observe any hysteresis. The experimental points at the WI→SI and SI→WI limit conditions collapse onto a single curve which approximately corresponds to the theoretical upper limit, z L /y c , implying that eqn. (19) (weakly) underestimates losses. An interesting set of experimental data is provided by Baines and Whitehead [8] . They measured the limits for SI→WI and WI→SI in a short upward sloping channel. This device somewhat resembles a step with a gently sloping upstream face (i.e. with large S) and T = 0 ( fig. 7) . When the flow is supercritical along the channel ( fig. 7a ), then the free surface profile qualitatively corresponds to profile C of fig. 5 and no energy losses should be included. Nevertheless, in this case, the upstream face of the step is rather long. Consequently, bottom friction is not entirely negligible and a small energy loss has to be incorporated in H l /y c . Figure 8 compares experimental findings by Baines and Whitehead [8] with present theoretical curves. The experimental points describing the WI→SI limit are arranged just below the theoretical curve with H l /y c = 0, in agreement with the above discussion about energy losses affecting the flow in this case. On the contrary, the experimental behavior of the SI→WI limit is somewhat surprising. The measured points are arranged above the theoretical curve, implying that the flow energy increases along the channel. A close inspection of the free surface profile when the flow is subcritical along the whole channel and the hydraulic jump is attached to the downstream face of the rounded sluice gate ( fig. 7b ), shows that near the downstream end of the channel both the free surface slope and curvature are negative and large. As previously discussed, their effects can be accounted for by introducing a suitable equivalent energy gain to be included in H L /y c . The following conclusions can be drawn from the above discussion. First of all, we can see that the theory presented here gives reliable predictions of hysteresis limits, provided that energy losses H l and H L are properly evaluated. Moreover, it is worth pointing out that most fluid mechanics textbooks propose eqn. (9) with H l = 0 as the WI↔SI limit condition . This disagrees with the present results and experimental evidence, which suggest that, in most cases, the inviscid solution given by eqn. (10) is a more suitable approximation for the WI→SI limit. 
Flow under a sluice gate
The hysteretic behavior of a flow under a vertical sluice gate was thoroughly described both theoretically and experimentally by Defina and Susin [11] and, to our knowledge, this is the only investigation on this topic. Here, we will briefly recall the theoretical aspects, experimental apparatus and procedure. We will focus particular attention on comparing theoretical predictions and experimental results. Figure 9 shows possible steady flow configurations when an undisturbed supercritical flow approaches a vertical sluice gate. In the WI case ( fig. 9a) , the height of the gate opening is sufficiently larger than the undisturbed water depth so that smooth undisturbed flow conditions exist along the channel. In the SI case ( fig. 9b) , transition from supercritical to subcritical regime takes place upstream of the gate and, at the obstacle, the free outflow condition is established (i.e. the fluid issues from under the gate as a jet of supercritical flow with a free surface open to the atmosphere). The hysteretic behavior of the flow concerns the possibility that, for a given F 0 , both SI and WI configurations may exist for the same opening of the gate.
In both the above situations, energy losses at the gate can usually be neglected. Hence, the threshold specific energies E L and E l , as well as the related openings of the gate a L and a l , can be derived by using the Bernoulli equation between the upstream and the downstream flows (the latter being the flow at the vena contracta, in the SI case). In the case of a rectangular channel, the flow is shown to be hysteretic as long as the nondimensional opening of the gate, a/y c is such that
where a l /y c and a L /y c are related to the Froude number of the undisturbed approaching flow F 0 as expressed by the following equations
In eqn. (22) c c is the contraction coefficient (i.e. the ratio of the flow depth at the vena contracta to the height of the gate opening). A reliable evaluation of a L /y c requires a reliable evaluation of c c as well. The following approximate equation will from here on be adopted
r(ζ) = 0.153ζ
where ζ is a dummy parameter and y U is the flow depth immediately upstream of the gate. A detailed discussion about the evaluation of c c and eqns. (21) to (25) is reported in ref. [11] . Figure 10 shows the behavior of a l /y c and a L /y c in the plane (a/y c , F 0 ). Possible flow regimes in regions bounded by these two curves are also specified. It is worth pointing out that the ascending branch AM of the curve a L /y c is replaced with the horizontal line A M : a/y c = (a/y c ) max ∼ = 1.15 (see Appendix A of Defina and Susin [11] for details). Hence, the boundaries of the hysteresis region do not merge at F 0 = 1. This suggests that the dual solution domain in the (a/y c , F 0 ) plane may close in the region of subcritical undisturbed approaching flows (i.e. F 0 < 1). Indeed that is exactly what is found to happen once the theoretical analysis of the flow under a sluice gate is extended to subcritical undisturbed flow condi- tions. In this case, three different steady states may be established in the vicinity of the gate: undisturbed flow conditions when WI occurs, and either free or submerged outflow in the case of SI. The flow continues undisturbed as long as the gate does not touch the free surface ( fig. 11a) . Therefore, when WI conditions are established in the channel, the non-dimensional gate opening is certainly greater than a l /y c , where a l /y c depends on F 0 as given by eqn. (21). Once the gate has touched the free surface, either submerged or free outflow is established, depending on the opening of the gate. The limit value of the gate opening (denoted with a L /y c ) between these two configurations is such that the related flow depth at the vena contracta equals the conjugate depth of the downstream undisturbed subcritical flow ( fig. 11b) . Hence, the momentum balance between the vena contracta and the downstream flow gives
Curves a l /y c and a L /y c for F 0 = 1 are plotted in fig. 12 . The branch AM of the curve a L /y c is replaced with the horizontal line A M : a L /y c = (a L /y c ) max ∼ = 1.15 as was the case for supercritical approaching flow. As a consequence, the region AA B exists, which lies below the boundary a L /y c and above the boundary a l /y c . In other words, the region AA B is the extension of the hysteresis region into the subcritical domain. In this region, both undisturbed and free outflow steady states are possible for given a/y c and F 0 . It is worth noting that the ranges of both a/y c and F 0 in which hysteresis is found to occur in the subcritical domain are rather wide (1 ≤ a/y c < 1.15, 0.8 < F 0 ≤ 1). Therefore, hysteresis can be expected to manifest itself in many practical cases.
An extensive series of experimental results [11] can be used to compare experimental and theoretical boundaries of the hysteresis region. We will first give a brief description of the adopted experimental procedure. Possible flow regimes were investigated for different values of the gate opening while maintaining a fixed flow rate (i.e. a fixed undisturbed Froude number F 0 ). Quasi-uniform flow conditions were initially established in the flume with the gate opening larger than the undisturbed flow depth. In order to examine the hysteresis phenomenon, the gate was first lowered until it touched the free-surface, so that SI conditions suddenly occurred, and then gradually raised at small steps. The gradual lifting of the gate was protracted until the WI flow configuration was suddenly restored in the channel. The experimental undisturbed Froude number ranged from about 0.72 to about 4.57. In all the experiments, the WI→SI limit condition occurred as soon as the gate touched or slightly passed the free-surface. In particular, for F 0 > 0.8 free outflow conditions were established, while for F 0 < 0.8 the outflow was submerged. This occurrence not only confirms the behavior of the limit a l /y c theoretically predicted (actually this result was somewhat obvious) but it also substantiates the physical meaning of the branch A M in fig. 12 . F 0 ∼ = 0.8 was also found to be the smallest undisturbed Froude number for which hysteresis occurred. In fact, for F 0 < 0.8, undisturbed conditions were found to be restored as soon as the gate was raised just above the undisturbed flow depth. On the contrary, for F 0 > 0.8, the SI→WI limit condition only occurred when the opening of the gate was much larger than the undisturbed flow depth.
The hysteretic character of the flow is clearly shown in fig. 13 , where the behavior of the non-dimensional flow depth just upstream of the gate, y U /y c is described as a function of the gate opening a/y c . Experimental conditions for F 0 = 0.98 are plotted. The existence of two different steady configurations in the vicinity of the gate for the same a/y c but different previous states of the flow is evident. Figure 14 gives a comprehensive plot of all the experimental conditions at which flow reversion from SI to WI suddenly occurred. The theoretical boundaries of the hysteresis region are plotted as well. The experimental points (F 0 , a L /y c ) agree well with the upper theoretical boundary a L /y c both qualitatively and quantitatively. In particular, they clearly exhibit the horizontal trend in the range 0.81 < F 0 < 1.65.
It is worth pointing out that, as previously observed, the reliability of the theoretical limit a L /y c is strictly related to the equation adopted to evaluate the contraction coefficient c c . In other words, the more physically based c c is, the more reliable a L /y c is. For example, if the theoretical expression given by Cisotti and Von Mises (as reported by Gentilini [14] ) is adopted for c c , then a L /y c behaves as shown in fig. 15 for F 0 ≥ 1. In this case, gravity effects on the issuing flow are neglected, and both c c , and a L /y c are thus rather poorly estimated. As a consequence, only a qualitative agreement between theoretical predictions and experimental results is found, as shown in fig. 15 . Finally, we can state that the simple theoretical approach outlined in Section 1 also applies fairly well to the case of flow under a vertical sluice gate. In this case, an accurate evaluation of the contraction experienced by the flow issuing from under the gate is required in order to obtain reliable predictions of the upper hysteresis limit.
Flow past a vertical circular cylinder
The theoretical evaluation of minimum specific energies E l and E L for the case of channel constriction is far from being an easy task. In this case, in fact, the flow in the vicinity of the obstacle assumes a two-dimensional character (in plan). In addition, free surface slope and curvature, i.e. non-hydrostatic pressure distribution along the vertical, strongly affect the flow. Therefore, we can expect minimum specific energy as determined according to the one-dimensional approach to poorly match experimental conditions. The onedimensional approach uses only one geometric parameter to describe the obstruction, namely the ratio of obstructed channel width b to the full channel width B (fig.  16c) . The shape, length, and position of the obstacle with respect to channel axis and flow depth are neglected. However, these geometric characteristics are very important in determining the limit conditions for both WI and SI configurations, as will be shown in the present section. In spite of its limitations, the one-dimensional approach can nonetheless provide an initial, even if rough, approximation of limit conditions that can then be compared with true, experimental values. We will now examine the case of a flow around a vertical circular cylinder placed along the axis of a rectangular channel ( fig. 16b) , both theoretically and experimentally. In this case, the fundamental nondimensional parameters adopted to develop condition eqn. (6) Due to the smooth shape of the obstacle, energy losses at the obstacle are assumed to be negligible. Hence, both E l and E L coincide with the critical specific energy at the section of maximum contraction, E cr . Recalling that
and combining eqns. (6) and (27), the theoretical boundaries of the hysteresis domain can be easily found
Equations (28) and (29) are plotted in fig. 17 . As was the case for the obstacles examined in the previous sections, three different regions can be distinguished in the plane of fundamental parameters. The first region, extending above the curve (b/B) L , corresponds to the WI configuration, with a supercritical flow extending along the whole channel. In the second region, below the curve (b/B) l , the flow necessarily undergoes a supercritical to subcritical transition upstream of the obstacle (i.e. SI). Finally, the hysteresis region, in which both stable states are possible, lies between these two curves.
The effects of the physical processes not included in the above theory were examined experimentally. The apparatus is sketched in fig. 18 . The experiments were performed in a 0.38m wide, 0.5m high, and 20m long tilting flume with Plexiglas walls, whose bottom slope could be adjusted to a maximum of 5%. Water was supplied by a constant head tank which maintained very steady flow conditions.
A vertical, sharp crested sluice gate was placed at the flume entrance, and a gear system was used to raise and lower the gate. It was possible to set the height of the gate opening with an accuracy of ±0.2mm. A vertical cylinder with a diameter in the range 0.060m < D < 0.205m was placed at the test section, which was located approximately 3m downstream of the channel inlet. One ultra-sonic transducer, movable along the channel axis upstream of the cylinder, measured flow depths with an accuracy of ±0.5mm. Water depth was accurately measured at three positions, namely at 0.3m, 1.0m, and 2.0m upstream of the cylinder. This made it possible to extrapolate the undisturbed water depth at the test section, y 0 , with an accuracy of ±1.0mm. Each run was conducted according to the following procedure, while maintaining a fixed flow rate in the range 0.01m 3 /s < Q < 0.06m 3 /s. Initially, the height of the sluice gate opening was small enough to ensure supercritical flow conditions from the gate to the end of the flume (i.e. WI). Then, the gate opening was increased by small increments so that, at each step, a new steady flow configuration with slightly increased y 0 (i.e. slightly decreased F 0 ) was established in the channel. The gate raising was protracted until a stationary hydraulic jump was established upstream of the cylinder, i.e. until SI conditions occurred. The experimental value of the undisturbed Froude number at the WI→SI limit condition was estimated to be the average of the two undisturbed Froude numbers measured just before and after the jump formed. This limit corresponds to the curve (b/B) l in fig. 17 .
Once the SI configuration was established, the gate opening height was decreased by small steps until the jump was swept away and vanished, i.e. WI conditions were restored. The experimental value of the undisturbed Froude number at the SI→WI limit condition was estimated to be the average of the two undisturbed Froude numbers measured just before and after the jump vanished. This limit corresponds to the curve (b/B) L in fig. 17 .
Before discussing the present experimental results, we will give a qualitative description of the flow pattern observed in the vicinity of the obstacle during the experiments.
At the beginning of each run, the flow was supercritical along the whole channel apart from a small area behind the bow shock wave produced by the cylinder (fig.  19a ). In these conditions, the detached shock front experienced a regular reflection at the wall. Moreover, the fluid behind the detached shock was driven toward the channel axis by the expansion fan emanating from the cylinder. This produced a nearly straight secondary shock front behind the cylinder which intersected the primary reflected shock.
At Froude numbers lower than the initial F 0 , the reflection of the detached shock wave at the wall became irregular. A Mach stem was established, which was approximately normal to the wall ( fig. 19b ) although somewhat distorted due to wall friction. Nevertheless, it was clearly recognizable. On the contrary, the slipstream, if there was any, could not be identified. This was possibly related to free surface curvature effects, which diffused the shock wave fronts thus obscuring the pattern of the shock waves.
Further decreases in the Froude number resulted in a progressive increase in the Mach stem height until a hydraulic jump was established upstream of the cylinder ( fig. 19c) .
The rather complex flow pattern observed in the vicinity of the obstacle at the WI→SI limit condition suggests that the one-dimensional approach might be inadequate to infer minimum specific energy E l in terms of only two fundamental parameters (i.e. b/B and F 0 ). Actually, the behavior of the boundaries of the hysteresis region is controlled by at least two competing factors: (i) effects of free surface slope and curvature, which are measured by the parameter y 0 /b, and (ii) energy losses and two-dimensional effects, which are difficult to discern and are controlled by the ratio b/B. The effects of both y 0 /b and b/B will now be analyzed.
A comprehensive plot of all the experimental conditions at which the flow configuration changed from WI to SI and vice versa is given in fig. 20 It can be observed that the one-dimensional approach gives the correct order of magnitude of the critical Froude numbers at the SI→WI limit conditions. This result is somewhat surprising if we recall the complex experimental flow pattern previously discussed and shown in fig. 19 . Anyway, the dependence of both the upper and lower boundaries of the hysteresis region on the free surface slope and curvature is rather evident. At small values of y 0 /b, i.e. when energy losses prevail over free surface slope and curvature effects, experimental values of the undisturbed Froude number at the SI→WI limit conditions are greater than those predicted by the inviscid one-dimensional model, as expected. At greater values of y 0 /b, effects due to free surface slope and curvature prevail. As observed in Section 3, these effects act as an equivalent gain of energy. Actually, both experimental boundary curves shift towards the left side of the (y 0 /b, F 0 ) plane as y 0 /b increases. The above discussion is confirmed in fig. 21 , which shows the behavior of the boundaries of the hysteresis region in the standard (b/B, F 0 ) plane for three different values of y 0 /b. Figure 22 shows the behavior of experimental minimum specific energies E l and E L , normalized with the one-dimensional theoretical values E l 1D and E L 1D , respectively, as a function of the ratio y 0 /b.
All the points show a similar trend driven by free surface slope and curvature effects: energy ratios E l /E l 1D and E L /E L 1D decrease with y 0 /b increasing, at least in the range 0 < y 0 /b < 0.3. However, experimental data for b/B = 0.74 suggest that the above ratios may approach a constant value as y 0 /b is further increased.
Finally, it is worth recalling that when y 0 /b → 0, the effects related to the twodimensional character of the flow are very important in establishing the lower limit E l . Indeed, fig. 22 shows that the differences between the experimental results and one-dimensional predictions increase with b/B decreasing. Moreover, these differences only slightly decrease with y 0 /b increasing, thus suggesting that the two-dimensional character of the flow affects the one-dimensional solution even at moderately high water depths.
On the contrary, when considering the upper boundary of the hysteresis region, experimental E L slightly differs from E L 1D , and only a weak dependence of E L /E L 1D on b/B can be recognized.
In this section the occurrence of hysteresis for the case of channel constriction was discussed. In particular, the results of an in-depth theoretical and experimental study of the case of a flow around a vertical circular cylinder were presented. Although this type of obstacle is very simple, as it is characterized by just one length scale, i.e. the diameter D, the experimental results showed that the threshold specific energies E l and E L (i.e. the hysteresis boundaries) are dependent on parameters F 0 , b/B, and y 0 /B in a rather complex way. It was also shown that the solution provided by the one-dimensional approach is not very different from the experimental one, although the extension of the experimental hysteresis region was found to be much smaller than the one predicted by the one-dimensional model.
Conclusions
The hysteretic behavior of a free surface steady flow approaching an obstacle was examined. A simple one-dimensional theoretical approach to predict conditions for the occurrence of hydraulic hysteresis and to evaluate the boundaries of the hysteresis region for a supercritical undisturbed approaching flow was proposed. The theoretical approach was described in detail for three different obstacles in a rectangular channel, namely a sill, a vertical sluice gate, and a vertical circular cylinder.
In all cases, the theoretical boundaries of the hysteresis region were found to be a function of the Froude number of the undisturbed approaching flow, F 0 , and of a geometric parameter characteristic of the type of obstacle.
For the case of flow under a vertical sluice gate, it was also shown that the hysteretic behavior is not characteristic only of supercritical undisturbed approaching flows but pertains to subcritical undisturbed approaching flows as well provided that the undisturbed Froude number is greater than approximately 0.8.
The reliability of theoretical predictions of hysteresis was tested through comparison with experimental data, either measured by the authors or available in the literature.
It was found that for all investigated obstacles the one-dimensional approach correctly describes the hysteretic behavior of the flow, at least qualitatively. On the contrary, in order to make reliable quantitative predictions, the effects of the physical processes developing at the obstacle had to be evaluated as accurately as possible. In particular, energy losses at the obstacle, effects due to free surface slope and curvature, and contraction phenomena were found to play a crucial role in determining hysteresis boundaries.
Although the above effects can sometimes be suitably evaluated by approximated theoretical expressions, it was shown that in most cases proper experimental investigations are required to correctly predict the amplitude of the hysteresis region and the behavior of hysteresis boundaries as well.
